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Abstract
A flavor model based on a A4 modular group is proposed to account for
both lepton and quark parameters (masses and mixing). We consider
the inverse seesaw mechanism to produce the light neutrino masses.
Both neutrino and charged lepton masses are obtained in terms of
Yukawa coupling ratios and the module τ of the A4 modular form.
The calculated lepton and quark parameters are in good agreement
with the recent data.
1 Introduction
The type-I seesaw mechanism [1] is the common scenario to explain the
smallness of neutrino mass. In this mechanism, the small neutrino mass is
obtained by extension of the fermion contents with three chiral supermulti-
plets as heavy right handed neutrinos N ci . The mass of the light neutrino
states can be calculated through the relation mν = −mDM−1mTD, where
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mD is the Dirac mass and M is the Majorana mass of right handed neu-
trinos Ni. In order to obtain the small neutrino mass of order O(10−2) eV
and Dirac mass of order GeV , the mass scale of the N c will be of order
O(1011GeV ) or so, which is far from experimental reach. In this scenario,
the lepton number is violated via the large scale of the right handed neutrino
masses.
On the other hand, the inverse seesaw mechanism [2, 3, 4] provides an
alternative mechanism to explain tiny neutrino mass via a double suppres-
sion by the new physics scale MR via small scale µs through the relation
mν = mDMR−1µsMTR
−1
mTD. In this mechanism, the singlets S acquire very
tiny mass µs which violates the lepton number. The lepton number viola-
tion (LNV) occurring by this tiny mass scale is very small compared to that
in the case of type I seesaw. Thus the lepton number can be regarded as
an approximate symmetry rather than an exact one. The Lepton number
symmetry is enhanced when µs and therefore mν tend to zero, and lepton
number violation (LNV) vanishes.[5]
Many aspects such as the differences in mixing and mass hierarchy for
lepton and quark sectors force the flavor symmetry to be proposed to ac-
count for these aspects. Several models based on discrete symmetries were
proposed to account for flavor aspects (see [6]). For most of these models,
some additional scalars (flavons) were considered besides a lot of assump-
tions and extra ZN symmetries were proposed to account for experimental
data.
Recently, finite modular groups ΓN have been proposed to interpret the
flavor aspects [7, 8]. In modular groups, the coupling constants can trans-
form non trivially and extra symmetries under modular weights are impeded
into the group, so there is no need to impose other symmetries to match the
data. Some of ΓN are isomorphic to finite permutation groups, for instance,
Γ2 ∼= S3 [9, 10, 11, 12], Γ3 ∼= A4 [13, 14, 15, 16], Γ4 ∼= S4 [17, 18, 19] and
Γ5 ∼= A5 [20, 21].
In this paper, we introduce a model based on modular A4 symmetry to
account for masses and mixing for leptons and quarks. First, we give an
introduction to the modular groups and modular forms and how to use it
as flavor symmetry, then we explain our A4 model in the lepton sector and
finally we study the quark masses and mixing.
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2 Modular groups
In this section, we give a brief summary of the modular groups and modular
forms. The modular group Γ¯ is defined as linear fractional transformations
on the complex upper half plan H and has the form [22, 23, 24, 8]
γ : z → γ(τ) = aτ + b
czτ + d, (1)
where a, b, c, d ∈ Z, ad− bc = 1. The modular group Γ¯ is isomorphic to the
projective special linear group
PSL(2, Z) = SL(2, Z)/{I,−I}, (2)
where
SL(2, Z) =
{( a b
c d
)
, a, b, c, d ∈ Z, ad− bc = 1
}
. (3)
The group Γ¯ is generated by two matrices S and T where their action on
the complex number τ is given by,
S : τ → −1
τ
, T : τ → τ + 1. (4)
The two generators S, T can be represented by two by two matrices as
S =
(
0 1
−1 0
)
, T =
(
1 1
0 1
)
. (5)
Because I and −I are indistinguishable in PSL(2, Z), we can say that
S2 = I, (ST )3 = I.
Define the infinite inhomogeneous modular groups Γ(N), N = 1, 2, 3, .... as
Γ(N) =
{( a b
c d
)
∈ SL(2, Z),
(
a b
c d
)
=
(
1 0
0 1
)
mod N
}
. (6)
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For N = 1,
Γ(1) =
{( a b
c d
)
∈ SL(2, Z),
(
a b
c d
)
=
(
1 0
0 1
)
mod 1
}
. (7)
Any integers can satisfy the conditions a, d = 1 mod 1 and b, c = 0 mod 1, so
Γ(1) ≡ SL(2, Z). For N = 1, 2, we define Γ¯(N) = Γ(N)/{I,−I} whereas for
N > 2, Γ¯(N) = Γ(N) because −I 6∈ Γ(N) for N > 2. It is straightforward to
notice that Γ¯(1) = PSL(2, Z) = Γ¯. The groups Γ(N) and Γ¯(N) are discrete
but infinite, so we can construct the finite modular groups ΓN = Γ¯/Γ¯(N).
The modular function f(τ) of weight 2k is a meromorphic function of
the complex variable τ satisfies
f(γ(τ)) = f(aτ + b
cτ + d) = (cτ + d)
2kf(τ) ∀
(
a b
c d
)
∈ Γ(N), (8)
where the integer k ≥ 0. By using Eqs. (1) and (6), it is easy to calculate
d(γ(τ))
dτ
= 1(cτ + d)2 . (9)
From Eq. (8), one can get
f(γ(τ))
f(τ) =
(d(γ(τ))
dτ
)−k
, f(γ(τ))d(γ(τ))k = f(τ)dτk.
From the above equation, we conclude that f(τ)dτk is invariant under Γ(N).
If the modular function is holomorphic everywhere, it is called "modular
form" of weight 2k. The modular forms of level N and weight 2k form a
linear space of finite dimension. In the basis at which the transformation of
a set of modular forms fi(τ) described by a unitary representation ρ, one
can get
fi(γ(τ)) = (cτ + d)2kρij(γ)fj(τ), γ ∈ Γ(N). (10)
Consider the superpotential W (z, φ) be written in terms of supermultiplets
φI , where I refers to different sectors in the theory,
W (τ, φ) =
∑
I
∑
n
YI1 I2 ...In(τ)φI1 ...φIn . (11)
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The invariance of the superpotential W (z, φ) under the modular transfor-
mation requires YI1 I2 ...In(z) to be a modular form transforming in the rep-
resentation
YI1 I2 ...In(γτ) = (cz + d)kY (n)ρ(γ)YI1 I2 ...In(τ). (12)
The modular invariance forces the condition
kY = kI1 + kI2 + ...+ kIn . (13)
2.1 Modular forms of level 3
The group A4 has one triplet representation 3 and 3 singlets 1, 1′ and 1′′
and is generated by two elements S and T satisfying the conditions
S2 = T 3 = (ST )3 = 1. (14)
The modular form of level 3 has the form
fi(γ(τ)) = (cτ + d)2kρij(γ)fj(τ), γ ∈ Γ(3).
The modular form of weight 2 and level 3 transforms as a triblet and is given
by Y (2)3 = (y1, y2, y3), [8] where :
y1(τ) =
i
2pi
[
η′(τ/3)
η(τ/3) +
η′((τ + 1)/3)
η((τ + 1)/3) +
η′((τ + 2)/3)
η((τ + 2)/3) −
27η′(3τ)
η(3τ)
]
,
y2(τ) =
−i
pi
[
η′(τ/3)
η(τ/3) + ω
2 η
′((τ + 1)/3)
η((τ + 1)/3) + ω
η′((τ + 2)/3)
η((τ + 2)/3)
]
,
y3(τ) =
−i
pi
[
η′(τ/3)
η(τ/3) + ω
η′((τ + 1)/3)
η((τ + 1)/3) + ω
2 η
′((τ + 2)/3)
η((τ + 2)/3)
]
. (15)
where the Dedekind eta-function η(z) is defined as
η(τ) = q1/24
∞∏
n=1
(1− qn), q = e2piiτ . (16)
One can construct modular forms of higher weights using the multipli-
cation rules of A4 [8].
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fields L Ec1 Ec2 Ec3 N c S Hd Hu χ
A4 3 1 1′′ 1′ 3 3 1 1 1
kI 1 1 1 1 -3 4 0 4 -1
Table 1: Assignment of flavors under A4 and the modular weight kI
3 A4 modular invariance model
The lepton contents in the model are extended by adding a triplet of chiral
supermutiplets N c as right handed neutrinos and three SM singlets Si to get
the neutrino masses via inverse seesaw mechanism. We add a gauge singlet
scalar χ transforming trivially under A4 to get the masses of the singlet
fermions N c and S. Contrary to most of the flavor symmetric models,
no extra discrete symmetries are considered in our model. According to the
modular invariance condition in Eq.(13), we chose the modular weights such
that the following relations are satisfied:
KL +KHd +KE = 2,
KL +KHu +KN = 2,
2KS + 8Kχ = 0,
KS +KN +Kχ = 0. (17)
If we chose KL = 1, KHu = 4, we can get the modular weights of other
fields as shown in Table (1).
The lepton modular A4 invariant superpotential can be written as
wl = λ1Ec1Hd(L⊗ Y (2)3 )1 + λ2Ec2Hd(L⊗ Y (2)3 )′1 + λ3Ec3Hd(L⊗ Y (2)3 )′′1
+ g1 ((N cHuL)3SY (2)3 )1 + g2 ((N cHuL)3AY
(2)
3 )1 + h (N c ⊗ S)1 χ
+ fΛ7 (S
c ⊗ S)1 χ8, (18)
where Λ is the non-renormalizable scale and g1 is the coupling constant of
the term of the symmetric triplet arising from the product of the two triplets
L andY , while g2 is the coupling of the antisymmetric triplet term. Note
that the chosen weights in Table (1) prevent the construction of the two
terms ScHuL and (N c N c χ). After spontaneous symmetry breaking, the
scalar fields Hu, Hd and χ acquire vevs namely vu, vd and v′ respectively,
where v′  vu, vd. We assume that v′ satisfies the relation v′Λ ∼ O(λc) where
6
λc = 0.225 is the Cabibbo angle. The mass matrices for charged leptons and
neutrinos are
Me = vd

λ1 0 0
0 λ2 0
0 0 λ3
×

y1 y2 y3
y3 y1 y2
y2 y3 y1
 ,
µs = fv′λ7c

1 0 0
0 0 1
0 1 0
 , MR = hv′

1 0 0
0 0 1
0 1 0
 ,
mD = vu

2g1y1 (−g1 + g2)y3 (−g1 − g2)y2
(−g1 − g2)y3 2g1y2 (−g1 + g2)y1
(−g1 + g2)y2 (−g1 − g2)y1 2g1y3
 . (19)
In general, the charged lepton mass matrix, Me, is not Hermitian so it can
be diagonalized by two unitary matrices as,
Mdiage = UL†e Me URe ,
where Mdiage is the diagonal mass matrix of charged leptons which depends
on the modulus τ and the parameters λ1λ3 and
λ2
λ3
up to overall parameter.
The neutrino mass matrix in the basis (νL, N c, S) is given by
Mν =

0 mD 0
mTD 0 MR
0 MTR µs
 (20)
By diagonalization of this matrix, one can get three eigenvalues, one for the
light neutrino and the other two for the heavy neutrino states. The masses
of the light neutrino state mν can be obtained as
mν = mDMR−1µsMTR
−1
mTD. (21)
The overall parameter fv
2
ug
2
1λ
7
c
h2v′ determines the scale of light neutrino masses
and can be easily chosen to achieve the desired scale. For instant, we can set
h ∼ O(1 GeV ), f ∼ O(0.01 GeV ), v′ ∼ O(10 TeV ), vu ∼ O (102 GeV ) and
g1 ∼ O(0.01 GeV ) to get the neutrino masses of order O(10−2 eV ). The
neutrino mass matrix mν is complex and symmetric, so it is convenient to
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∆m212
(10−5 eV 2)
|∆m223|
(10−3 eV 2) r =
∆m212
|∆m223
| θ12/o θ23/o θ13/o δCP /pi
best fit 7.39 2.51 0.0294 33.82 49.8 8.6 1.57
3σ range 6.79-8.01 2.41-2.611 0.026-0.033 31.61-36.27 40.6-52.5 8.27-9.03 1.088-2
Table 2: 3σ range for neutrino mixings and mass difference squares from
[25] for inverted hierarchy.
diagonalize the Hermitian matrix Mν = m†νmν ,
Mdiagν = U †νMνUν . (22)
The lepton mixing UPMNS matrix is given by
UPMNS = UR†e Uν . (23)
The mixing angles can be calculated from the relations
Sin2(θ13) = |(UPMNS)13|2, Sin2(θ12) = |(UPMNS)12|
2
1− |(UPMNS)13|2 , Sin
2(θ23) =
|(UPMNS)23|2
1− |(UPMNS)13|2 (24)
The mixing angles and mass ratios are determined by the ratios g2/g1, λ1λ3 ,
λ2
λ3
and the modulus τ . The best fit values and 3σ ranges for the experimental
results for inverted hierarchy are summarized in Table (2), in which the
neutrino mass squared differences are defined as
∆m212 = m22 −m21, |∆m223| = |m23 − (m22 +m21)/2|.
The parameters are scanned in the upper half of the complex plane by
fixing r = ∆m
2
12
|∆m223
| and the mixing angles with the 3σ ranges in table (2). The
module τ is scanned in the rangesRe[τ ] ∈ [−1.5, 1.5] and Im[τ ] ∈ [0.4, 3], the
coupling ratio is scanned in the range g2/g1 ∈ [0, 2]. We found a benchmark
τ = 0.507 + 0.871i, g2/g1 = 0.1, λ3λ1 = 0.0003,
λ2
λ1
= 0.06, for inverted
neutrino mass hierarchy, with
r = ∆m
2
12
|∆m223|
= 0.025, me
mτ
= 0.00029, mµ
mτ
= 0.061,
θ12 = 33.04o, θ23 = 44.260, θ13 = 19.45o, δCP = 1.67pi. (25)
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The value of τ = 0.507 + 0.871 i is close to τ = −ω2 = 0.5 + 0.866 at which
two neutrino eigenvalues are degenerate and two mixing angles are maximal.
It is clear that the value of θ13 is so larger than its 3σ range.
We found better benchmark compatible with experimental results
τ = −1.4961 + 0.525 i g2/g1 = 0.36 λ1
λ3
= 41.76, λ2
λ3
= 588. (26)
The neutrino mass spectrum is inverted hierarchical one. The mass ratio
and mixing are
r = ∆m
2
12
|∆m223|
= 0.0273, me
mτ
= 0.00029, mµ
mτ
= 0.061,
θ12 = 35.6o, θ23 = 41.6o, θ13 = 8.450, δCP = 1.9pi. (27)
which is compatible with the recent data in Table (2.
The pattern obtained at τ = −1.4961 + 0.525 i is a consequence of
deviation from the value τ = −1.5 + .5i at which the neutrino mass matrix
has one zero eigenvalue and two mixing angles are zero.
4 Quark masses
The embedding of the quark sector into a flavor model is a challenge due to
the differences in the mass hierarchy and mixing for leptons and quarks. In
this model, we extend the modular A4 symmetry to the quark sector at the
same value of the modulus τ = −1.4961 + 0.525 i. All quarks transform as
singlets under A4. For this, we construct the modular forms of weight 4 by
multiplication of two triplets of weight 2. Using A4 multiplication rules of
two triplets, one can get one triplet and three singlets all of weight 4 as
Y
(4)
3 =

y21 − 2y2 y3
y23 − 2y2 y1
y22 − 2y1 y3
 , Y (4)1 = y21 + 2y2 y3, Y (4)2 = y23 + 2y2 y1, Y (4)3 = y22 + 2y1 y3.(28)
The transformation of the above singlets are
Y
(4)
1 ∼ 1, Y (4)2 ∼ 1′, Y (4)3 ∼ 1′′.
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fields Q1 Q2 Q3 uc1 uc2 uc3 dc1 dc2 dc3
A4 1 1′ 1′′ 1′′ 1 1′ 1 1′′ 1′
kI -1 -2 -4 5 4 6 4 3 8
Table 3: Assignment of quarks under A4 and the modular weight kI
At all values of τ , the condition Y (4)3 = 0 is satisfied. The assignments of
the quark fields are shown in table3.
The A4 invariant superpotential for down quarks can be written as
wd =
hd11
Λ3 d
c
1HdQ1χ
3 + h
d
22
Λ d
c
2HdQ2χ+
hd23
Λ2 Y
(4)
2 d
c
3HdQ2χ
2 + hd33Y
(4)
1 d
c
3HdQ3.(29)
The chosen A4 and k assignments prevent the other mixing terms. Without
loss of generality, we assume that hd11/hd33 ∼ hd22/hd33 ∼ 1/2, hd23/hd33 ∼ 1
and the down quark mass matrix takes the form
md = hd33 < Hd >

λ3/2 0 0
0 λ/2 0
0 Y (4)2 λ2 Y
(4)
1
 . (30)
This mass matrix can be diagonalization by biunitary transformation, V L†d md V Rd =
Md, where
V Ld =

1 0 0
0 −0.999 0.0022
0 0.0022− 0.00003i 0.999− 0.014i
 ,
V Rd =

1 0 0
0 −0.99 + 0.i 0.05
0 −0.05− 0.00017i −0.99− 0.0034i
 , (31)
with the corresponding eigenvalues
Md = diag(λ4/2, λ2/2, 1) hd33 Y
(4)
1 < Hd > . (32)
The hierarchical spectrum of down quark masses is in good agreement with
the recent data for quark masses: [26]
md = 4.67+0.48−0.17GeV, ms = 93+11−5 GeV mb = 4.18+0.03−0.02GeV.
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For the up quarks, the invariant superpotential under modular A4 can
be written as
wu =
hu11
Λ4 Y
(4)
2 u
c
1HuQ1χ
4 + h
u
12
Λ3 Y
(4)
1 u
c
1HuQ2χ
3 + hu13Y
(4)
3 u
c
1HuQ3
+ h
u
21
Λ3 Y
(4)
1 u
c
2HuQ1χ
3 + h
u
22
Λ2 Y
(4)
3 u
c
2HuQ2χ
2 + hu23Y
(4)
2 u
c
2HuQ3
+ h
u
31
Λ4 Y
(4)
3 u
c
3HuQ1χ
4 + h
u
32
Λ4 Y
(4)
2 u
c
3HuQ2χ
4 + h
u
33
Λ2 Y
(4)
1 u
c
3HuQ3χ
2.(33)
Using the condition Y (4)3 = 0, and assume that the couplings huij are of the
same order, the up quark mass matrix takes the form
Mu = hu33 < Hu >

Y
(4)
2 λ
4 Y
(4)
1 λ
3 0
Y
(4)
1 λ
3 0 Y (4)2
0 Y (4)2 λ4 Y
(4)
1 λ
2
 . (34)
The right handed rotation of Mu is found to be
V Ru =

−0.936 + 0.27i −0.221− 0.003i 0.011 + 0.00015i
−0.21 + 0.06i 0.975 + 0.017i 0.00012
−0.01 + 0.003i −0.002− 0.00002i −0.9998− 0.01i
 (35)
with the corresponding eigenvalues
Mdiagu = hu33 < Hu > Y
(4)
1 diag(0.000018, 0.01, 1), (36)
which are in good agreement with the up quark mass ratios [26]
mu
mt
= 0.000012, mc
mt
= 0.008.
The quark mixing matrix, VCKM takes the form
|VCKM | = |V R†u V Rd | =

0.975 0.221 0.0003
0.22 0.973 0.051
0.011 0.05 0.9986
 , (37)
which is close to the correct VCKM [26] except the 1-3 element is one order
of magnitude smaller than the correct value.
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5 Conclusion
We built a model which is free from large number of flavons and or extra
symmetries like ZN symmetries which were considered in many models based
on the flavor symmetry. The experimental mass differences ratios and lepton
mixing angles are determined in terms of the modulus τ and the coupling
ratio g2/g1. The predicted parameters of mixings and mass ratios are com-
patible with the recent data. For the same value of τ = −1.4961 + 0.525 i,
we extend the modular A4 symmetry to the quark sector. The calculated
mass ratios are in good agreement with the experimental results. The VCKM
matrix can be obtained up to small deviation in 1-3 element.
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